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Adaptive Q-Learning for Data-Based Optimal
Output Regulation With Experience Replay

Biao Luo , Member, IEEE, Yin Yang, and Derong Liu, Fellow, IEEE

Abstract—In this paper, the data-based optimal output reg-
ulation problem of discrete-time systems is investigated. An
off-policy adaptive Q-learning (QL) method is developed by using
real system data without requiring the knowledge of system
dynamics and the mathematical model of utility function. By
introducing the Q-function, an off-policy adaptive QL algorithm
is developed to learn the optimal Q-function. An adaptive param-
eter αi in the policy evaluation is used to achieve tradeoff between
the current and future Q-functions. The convergence of adap-
tive QL algorithm is proved and the influence of the adaptive
parameter is analyzed. To realize the adaptive QL algorithm with
real system data, the actor-critic neural network (NN) structure
is developed. The least-squares scheme and the batch gradient
descent method are developed to update the critic and actor
NN weights, respectively. The experience replay technique is
employed in the learning process, which leads to simple and
convenient implementation of the adaptive QL method. Finally,
the effectiveness of the developed adaptive QL method is verified
through numerical simulations.

Index Terms—Data-based, experience replay, neural
networks (NNs), off-policy, optimal control, Q-learning (QL).

I. INTRODUCTION

REINFORCEMENT learning (RL) has achieved great
success in artificial intelligence. Most recently, Google

deepmind group developed the ambitious AlphaGo [1], [2],
which defeated the best professional Go players Lee Sedol
and Ke Jie. One of the key technique in AlphaGo is the use of
RL to improve its play. RL concerns the interaction between
agents and environment, where the agent interacts with the
environment to receive feedback in the form of rewards with
the goal of learning to act so as to maximize the expected
rewards. Through the iterative operations between policy eval-
uation and policy improvement, the long-term reward/cost can
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be maximized/minimized and the optimal policy can be found.
In RL, the environment is typically formulated as a Markov
decision process and many RL algorithms [3], [4] have been
studied, to list a few, value iteration [4], policy iteration [4],
temporal-difference learning [4], Q-learning (QL) [3], [5],
advantage updating [6], etc. On important feature of RL is
that the exact model of the environment may not be needed,
which implies that RL can achieve data-based learning for
the optimal policy. Most of RL algorithms utilize dynamic
programming techniques, which are also the key points in
developing optimal control theories. That is to say, there exist
close relationships between RL and optimal control problems.
It makes RL a penitential method for the design of control
problems.

With the development of control theories, many intelli-
gent control methods have been introduced, such as, neu-
ral network (NN) control [7]–[12], fuzzy control [13]–[15],
advanced adaptive control [16]–[22], etc. For example, a new
adaptive neural output feedback control scheme was proposed
by Chen and Ge [7] for uncertain nonlinear systems. In [12],
an online data-based composite neural control method was
investigated for uncertain strict-feedback systems. In [14], by
considering actuator saturation and uncertainty, an important
adaptive sliding mode controller was designed. Yang et al. [16]
designed a novel adaptive fault tolerant controller for a
class of nonlinear unknown systems with multiple actuators.
Liu and Tong [17] proposed a new adaptive controller for
nonlinear systems with parameter uncertainties and full state
constraints. In [21], an interesting observer-based adaptive
neural fault-tolerant tracking control was studied for nonlin-
ear systems in nonstrict-feedback form. In recent years, many
adaptive dynamic programming methods [23]–[51] have been
proposed to solve optimal control problems. For the optimal
control problems, it is required to solve the Bellman equation
for discrete-time systems and the Hamilton–Jacobi–Bellman
equation for continuous-time systems. These equations are
usually difficult to solve analytically even if the system model
is available. For most results on adaptive dynamic program-
ming methods, they try to solve the Bellman equation or the
Hamilton–Jacobi–Bellman equation approximately. To discuss
a few, for the optimal control of discrete-time linear systems,
the policy iteration and value iteration methods were sug-
gested in [27] by using input and output data. The nonlinear
pure-feedback systems was considered in [29] and an novel
adaptive-critic-based NN controller was proposed. The adap-
tive dynamic programming [31] was employed to the problems
of optimal switching and control design of nonlinear switching
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systems. For the tracking control problem of linear continuous-
time systems with partially unknown dynamics, an online
integral RL method [33] was used to learn the solution of
the algebraic Riccati equation. The concepts of exploration,
integral temporal difference and invariant admissibility were
introduced in [40], and integral RL methods were investigated.
With the consideration of limits of computational and commu-
nication sources, RL methods [42], [45] have been employed
to solve event-triggered control problems in recent years.

Although RL techniques have received extensive attention
in solving control problems, only few results [52]–[59] have
been reported on using QL for optimal control design. QL is
a powerful method in RL, which was proposed by Watkins
and Dayan [3]. In QL, the action-state value function, i.e.,
Q-function, is used. Due to the action in the Q-function can
be given randomly, it can be implemented in an off-policy
scheme and overcomes the “inadequate exploration” problem.
For the optimal control design problems, it can be converted to
find the optimal Q-function and then the thoughts of QL can
be used. For linear systems, the QL methods were proposed
for discrete-time systems [52], [53], [56] and continuous-time
systems [54], [57]. In [59], the critic-only QL method was
developed for tracking control problems which starts from an
initial admissible control policy. In addition, the QL method
was also applied to path-planning of mobile robots [55] and
battery management in smart residential environments [58].
Generally speaking, the use of QL techniques for optimal con-
trol design and its theoretical problems are far from solved and
still remain open issues that require further investigation.

In this paper, the data-based optimal output regulation
problem is considered and an adaptive QL method is devel-
oped. Contributions of this paper can be briefly summarized
as follows.

1) A novel adaptive QL algorithm is developed and its
convergence theories are established.

2) In the adaptive QL, an adaptive parameter αi in the pol-
icy evaluation is employed to achieve tradeoff between
the current and future Q-functions, which avoids the
requirement of an initial admissible control policy.

3) The developed adaptive QL is a data-based off-policy
learning method, where the system data used for pol-
icy evaluation can be generated with exploratory con-
trol actions. Thus, the experience replay technique is
employed, which makes the implementation of the adap-
tive QL simple and efficient.

The rest of this paper is arranged as follows. The problem
description is presented in Section II. The off-policy adaptive
QL algorithm is proposed in Section III and its implementa-
tion procedure is developed in Section IV. The adaptive QL
method is simplified for linear systems in Section V. Finally,
the simulation results are demonstrated in Section VI and the
conclusions are given in Section VII.

Notation: R
n is the set of n-dimensional Euclidean space.

The superscript T is used for the transpose of a matrix or vec-
tor. X and U are two compact sets, and denote D � {(x, u)|x ∈
X , u ∈ U}. ‖f (x, u)‖∞ is the maximum norm of function
f (x, u) defined on X × U . ⊗ denotes Kronecker product and
vec(·) is matrix vectorization operation.

II. PROBLEM DESCRIPTION

Let us consider the following general nonaffine nonlinear
discrete-time systems:{

x(k + 1) = f (x(k), u(k))
y(k) = h(x(k))

(1)

where x(k) = [x1(k), . . . , xn(k)]T ∈ R
n is the state,

y(k) = [y1(k), . . . , ym(k)]T ∈ R
m is the output and u(k) =

[u1(k), . . . , up(k)]T ∈ R
p is the control input. Assume that

f (x, u) and h(x) are continuous nonlinear vector functions with
f (0, 0) = 0, h(0) = 0, and x = 0 is the unique equilibrium
on X . The system (1) is stabilizable on X , i.e., there exists
a continuous control function u(x) such that the system is
asymptotically stable on X .

In this paper, the data-based optimal output regulation
problem is considered, where the analytical expressions of
f (x, u) is unknown. The objective is to learn the control u(k)
from data of system (1), such that the output y(k) approaches
zero and minimize the following performance index:

J(y(0), u) �
∞∑

l=0

U(y(l), u(l)) (2)

where U(y, u) denotes the utility function that is a positive
definite function, i.e., U(y, u) > 0 for all y, u �= 0, and
U(y, u) = 0 only when y = 0, u = 0. U(y, u) is measurable
with unknown mathematical expression.

III. ADAPTIVE Q-LEARNING

It is noticed that the mathematical models of f (x, u) and
U(y, u) are unknown. In this section, an off-policy adaptive QL
is developed to solve the data-based optimal output regulation
problem and its convergence theory is established.

A. Off-Policy Adaptive Q-Learning

Before deriving the off-policy adaptive QL algorithm, some
preliminaries are required. For description convenience, denote
R(x, u) � U(h(x), u) = U(y, u). Let u(x) be a stablizing con-
trol policy for system (1), and define its state value function
as follows:

Vu(x(k)) �
∞∑
l=k

R(x(l), u(x(l))) (3)

where Vu(0) = 0. According (3), the state-value function Vu(x)
satisfies the following equation:

Vu(x(k)) = R(x(k), u(x(k)))+ Vu(x(k + 1)). (4)

Then, the optimal state-value function is represented as

V∗(x) � Vu∗(x) = min
u

Vu(x) (5)

which satisfies the following Bellman equation:

V∗(x(k)) = min
a

{R(x(k), a)+ V∗(x(k + 1))
}
. (6)

Then, the optimal control policy is given by

u∗(x(k)) = arg min
a

{R(x(k), a)+ V∗(x(k + 1))
}
. (7)
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Algorithm 1 Adaptive QL

� Step 1: Give Q(0)(x, a) and let i = 0.
� Step 2: (Policy improvement) Update control policy with

u(i)(x) = arg min
a

Q(i)(x, a). (11)

� Step 3: (Policy evaluation) Solve the equation

Q(i+1)(x(k), a) = R(x(k), a)

+ αiQ
(i+1)(x(k + 1), u(i)(x(k + 1)))

+ (1 − αi)Q
(i)(x(k + 1), u(i)(x(k + 1))) (12)

for Q(i+1)(x, a), where 0 < αi < 1 is an adaptive
parameter.

� Step 4: If ‖Q(i+1)(x, a) − Q(i)(x, a)‖∞ ≤ ε for a small
constant ε > 0, terminate iteration, else, let i = i + 1, go
back to Step 2 and continue. �

The proposed adaptive QL algorithm is based on the
Q-function, which is an action-state function defined as

Qu(x(k), a) � R(x(k), a)+ Vu(x(k + 1)) (8)

where Qu(0, 0) = 0. For the optimal control policy u∗, denote
its optimal Q-function as Q∗(x, a) � Qu∗(x, a) that is given
by

Q∗(x(k), a) = R(x(k), a)+ Q∗(x(k + 1), u∗(x(k + 1))
)

= R(x(k), a)+ V∗(x(k + 1)). (9)

Based on (7) and (9), we have

u∗(x) = arg min
a

Q∗(x, a). (10)

From (10), the design of the optimal control policy u∗ is
converted to finding the optimal Q-function Q∗(x, a).

To learn Q∗(x, a) from real system data, Algorithm 1 is
proposed.

Remark 1: It is worth mentioning that the adaptive QL
algorithm, i.e., Algorithm 1, has three improtant features. First,
it is an off-policy learning method [4], [36], [60], [61], which
overcomes the inadequate exploration problem by using data
generated with arbitrary control actions a. Second, the adap-
tive QL algorithm uses an adaptive parameter αi to achieve a
tradeoff between the current and future Q-functions Q(i) and
Q(i+1). The larger αi means that Q(i) plays less and Q(i+1)

plays more. Furthermore, the adaptive QL algorithm is a data-
based approach, where the analytic mathematical expressions
of system model and utility function are not required.

Remark 2: It is worthwhile to give some further discussions
about off-policy learning methods. Off-policy learning and
on-policy learning are two important frameworks of RL [4].
The main difference between two frameworks is that their
policy evaluation operations are different. Before analyzing
their differences, it requires to have a brief introduction on
target policy and behavior policy. Generally speaking, the tar-
get policy represents a policy required to be evaluated for its
value function. The behavior policies are the policies used for
generating data for learning. For on-policy learning methods,
the policy evaluation for a target control policy u requires

generating system data by using the same policy u. It is
usually difficult to implement and will often result in the
inadequate exploration problem [4], [36]. For the policy eval-
uation in off-policy learning methods, the target policy can
be evaluated with system data generated by arbitrary behav-
ior policies, which means that any daily operational data of
the real system is useful for learning. Thus, the implementa-
tion of off-policy learning methods is much simpler and can
overcome the inadequate exploration problem [4], [36]. From
step 3 of Algorithm 1, it is noted that behavior policies a can
be arbitrary, which means that the adaptive QL is an off-policy
learning method.

B. Convergence Analysis for Adaptive QL Algorithm

Note that the adaptive QL algorithm will generate a
sequence {Q(i)(x, a)}. In this section, the convergence of the
adaptive QL algorithm will be proved by showing the sequence
{Q(i)(x, a)} converges to the optimal Q-function Q∗(x, a).
Before starting, the following conclusions in Theorem 1 are
required.

Theorem 1: Let Q(x, a) ≥ 0 satisfies

Q(x(k), a) ≥ R(x(k), a)+ Q(x(k + 1), μ(x(k + 1))) (13)

where

μ(x) = arg min
a

Q(x, a). (14)

Letting Z(0)(x, a) = Q(x, a), the sequence {Z(j)(x, a)} is
generated with

Z(j+1)(x(k), a) = R(x(k), a)+ αZ(j)(x(k + 1), μ(x(k + 1)))

+ (1 − α)Q(x(k + 1), μ(x(k + 1))) (15)

where 0 < α < 1. Let Q(x, a) be the solution of the following
equation:

Q(x(k), a) = R(x(k), a)+ αQ(x(k + 1), μ(x(k + 1)))

+ (1 − α)Q(x(k + 1), μ(x(k + 1))). (16)

Then, for all j:
1) Z(j+1)(x, a) ≤ Z(j)(x, a);
2) ‖Z(j+1)(x, a)− Q(x, a)‖∞ ≤ [α/(1 − α)]‖Z(j+1)(x, a)−

Z(j)(x, a)‖∞;
3) ‖Z(j)(x, a) − Q(x, a)‖∞ ≤ [αj/(1 − α)]‖Z(1)(x, a) −

Z(0)(x, a)‖∞;
4) limj→∞ Z(j)(x, a) = Q(x, a).
Proof: 1) The mathematical induction is employed to

prove part 1) of Theorem 1. For index j = 0, it follows
from (13)–(15) that:

Z(1)(x(k), a) = R(x(k), a)+ αZ(0)(x(k + 1), μ(x(k + 1)))

+ (1 − α)Q(x(k + 1), μ(x(k + 1)))

= R(x(k), a)+ αQ(x(k + 1), μ(x(k + 1)))

+ (1 − α)Q(x(k + 1), μ(x(k + 1)))

= R(x(k), a)+ Q(x(k + 1), μ(x(k + 1)))

≤ Q(x(k), a)

= Z(0)(x(k), a). (17)
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Assume that Z(j)(x, a) ≤ Z(j−1)(x, a). Based on (15), we
have

Z(j+1)(x(k), a) = R(x(k), a)+ αZ(j)(x(k + 1), μ(x(k + 1)))

+ (1 − α)Q(x(k + 1), μ(x(k + 1)))

≤ R(x(k), a)+ αZ(j−1)(x(k + 1), μ(x(k + 1)))

+ (1 − α)Q(x(k + 1), μ(x(k + 1)))

= Z(j)(x(k), a).

It means that part 1) of Theorem 1 holds for all j.
2) According to (15) and (16)

Z(j+1)(x(k), a)− Q(x(k), a)

= α
[
Z(j)(x(k + 1), μ(x(k + 1)))− Q(x(k), μ(x(k + 1)))

]

= α
[
Z(j+1)(x(k + 1), μ(x(k + 1)))

− Q(x(k), μ(x(k + 1)))
]

− α
[
Z(j+1)(x(k + 1), μ(x(k + 1)))

− Z(j)(x(k + 1), μ(x(k + 1)))
]
.

Then, for all x(k), x(k + 1) ∈ X and a, μ(x(k + 1)) ∈ U
‖Z(j+1)(x, a)− Q(x, a)‖∞
≤ α‖Z(j+1)(x, a)− Q(x, a)‖∞

+ α‖Z(j+1)(x, a)− Z(j)(x, a)‖∞. (18)

Thus, part 2) of Theorem 1 holds.
3) Based on part 2) of Theorem 1

‖Z(j)(x, a)− Q(x, a)‖∞
≤ α

1 − α
‖Z(j)(x, a)− Z(j−1)(x, a)‖∞

= α2

1 − α
‖Z(j−1)(x, a)− Z(j−2)(x, a)‖∞

...

= αj

1 − α
‖Z(1)(x, a)− Z(0)(x, a)‖∞.

4) From part 3) of Theorem 1, limj→∞ ‖Z(j)(x, a) −
Q(x, a)‖∞ = 0, i.e., limj→∞ Z(j)(x, a) = Q(x, a).

The convergence of Algorithm 1 is proved in the following
Theorem 2 with the use of the conclusions in Theorem 1.

Theorem 2: Let the sequence {Q(i)(x, a)} be generated by
Algorithm 1. Let the condition Q(0)(x(k), a) ≥ R(x(k), a) +
Q(0)(x(k + 1), u(0)(x(k + 1))) hold. Then

1) for all i

Q(i+1)(x(k), a) ≤ R(x(k), a)+ Q(i)
(

x(k + 1), u(i)(x(k + 1))
)

≤ Q(i)(x(k), a) (19)

2) limi→∞ Q(i)(x, a) = Q∗(x, a).
Proof: 1) The mathematical induction is employed to prove

the conclusion (19) based on Theorem 1.
For index i = 0, let Z(0)(x, a) = Q(x, a) = Q(0)(x, a) and

μ(x) = u(0)(x). It follows from Theorem 1 that Z(j+1)(x, a) ≤

Z(j)(x, a) and limj→∞ Z(j)(x, a) = Q(1)(x, a). Then, we have

Q(1)(x(k), a) = lim
j→∞ Z(j)(x(k), a)

≤ Z(1)(x(k), a)

= R(x(k), a)+ α0Z(0)(x(k + 1), μ(x(k + 1)))

+ (1 − α0)Q
(0)(x(k + 1), μ(x(k + 1)))

= R(x(k), a)+ Q(0)(x(k + 1), μ(x(k + 1))).

This means that the conclusion (19) holds for i = 0.
Assume that the conclusion (19) holds for index i − 1, i.e.,

Q(i)(x(k), a)

≤ R(x(k), a)+ Q(i−1)
(

x(k + 1), u(i−1)(x(k + 1))
)

≤ Q(i−1)(x(k), a). (20)

From (11) and (12)

Q(i)(x(k), a) = R(x(k), a)

+ αi−1Q(i)
(

x(k + 1), u(i−1)(x(k + 1))
)

+ (1 − αi−1)Q
(i−1)

(
x(k + 1), u(i−1)(x(k + 1))

)

= R(x(k), a)+ Q(i)
(

x(k + 1), u(i−1)(x(k + 1))
)

+ (1 − αi−1)
[
Q(i−1)

(
x(k + 1), u(i−1)(x(k + 1))

)

− Q(i)
(

x(k + 1), u(i−1)(x(k + 1))
)]

≥ R(x(k), a)+ Q(i)
(

x(k + 1), u(i−1)(x(k + 1))
)

≥ R(x(k), a)+ Q(i)
(

x(k + 1), u(i)(x(k + 1))
)
. (21)

Next, the conclusions of Theorem 1 is used to prove the
left side of the conclusion (19). Let Z(0)(x, a) = Q(x, a) =
Q(i)(x, a) and μ(x) = u(i)(x). It follows from Theorem 1 that
Z(j+1)(x, a) ≤ Z(j)(x, a) and limj→∞ Z(j)(x, a) = Q(i+1)(x, a).
Then, we have

Q(i+1)(x(k), a) = lim
j→∞ Z(j)(x(k), a)

≤ Z(1)(x(k), a)

= R(x(k), a)+ αiZ
(0)

(
x(k + 1), u(i)(x(k + 1))

)

+ (1 − αi)Q
(i)

(
x(k + 1), u(i)(x(k + 1))

)

= R(x(k), a)+ Q(i)
(

x(k + 1), u(i)(x(k + 1))
)
. (22)

The combination of (21) and (22) demonstrates that the
conclusion (19) holds for all i.

2) From (19), {Q(i)(x, a)} is a nonincreasing sequence and
lower bounded by Q(i)(x, a) ≥ 0. Since a bounded monotone
sequence always has a limit, we denote it by Q(∞)(x, a) �
limi→∞ Q(i)(x, a) and u(∞)(x, a) � arg mina Q(∞)(x, a).
Taking limit on (19) yields

Q(∞)(x(k), a)

≤ R(x(k), a)+ Q(∞)
(

x(k + 1), u(∞)(x(k + 1))
)

≤ Q(∞)(x(k), a)
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i.e.,

Q(∞)(x(k), a) = R(x(k), a)

+ Q(∞)
(

x(k + 1), u(∞)(x(k + 1))
)

which is the same as (9), i.e., Q(∞)(x, a) = Q∗(x, a).
Corollary 1: Let 0 < β1 ≤ β2 < 1, and Q(x, a) ≥ 0

satisfies

Q(x(k), a) ≥ R(x(k), a)+ Q(x(k + 1), μ(x(k + 1))) (23)

where

μ(x) = min
a

Q(x, a). (24)

For βl, l = 1, 2, Qβl(x, a) satisfies

Qβl(x(k), a) = R(x(k), a)+ βlQβl(x(k + 1), μ(x(k + 1))

+ (1 − βl)Q(x(k + 1), μ(x(k + 1)) . (25)

Then, Qβ1(x, a) ≥ Qβ2(x, a).
Proof: For l = 1, 2, let Z(0)βl

(x, a) = Q(x, a) and the

sequence {Q(j)βl
(x, a)} be generated with

Z(j+1)
βl

(x(k), a) = R(x(k), a)+ βlZ
(j)
βl
(x(k + 1), μ(x(k + 1))

+ (1 − βl)Q(x(k + 1), μ(x(k + 1)) . (26)

According to the part 1) of Theorem 1, we have Z(j+1)
βl

(x, a) ≤
Z(j)βl

(x, a) for all j and l = 1, 2.
Next, the mathematical induction is employed to prove

Z(j)β1
(x, a) ≥ Z(j)β2

(x, a) for all j. Note that Z(0)β1
(x, a) =

Z(0)β2
(x, a) = Q(x, a). Assume that Z(m)β1

(x) ≥ Z(m)β2
(x) for

m = j − 1. We will show it for m = j. From (26), we have

Z(j)β1
(x(k), a) = R(x(k), a)+ β1Z(j−1)

β1
(x(k + 1), μ(x(k + 1))

+ (1 − β1)Q(x(k + 1), μ(x(k + 1))

≥ R(x(k), a)+ β1Z(j−1)
β2

(x(k + 1), μ(x(k + 1))

+ (1 − β1)Q(x(k + 1), μ(x(k + 1)) . (27)

It follows from (26) and (27) that:

Z(j)β1
(x(k), a)− Z(j)β2

(x(k), a)

≥ (β1 − β2)Z
(j−1)
β2

(x(k + 1), μ(x(k + 1))

− (β1 − β2)Q(x(k + 1), μ(x(k + 1))

= (β2 − β1)[Q(x(k + 1), μ(x(k + 1))

− Z(j−1)
β2

(x(k + 1), μ(x(k + 1))]

= (β2 − β1)
[
Z(0)β2

(x(k + 1), μ(x(k + 1))

− Z(j−1)
β2

(x(k + 1), μ(x(k + 1))
]

≥ 0 (28)

which means that Z(j)β1
(x, a) ≥ Z(j)β2

(x, a) holds for all j.
From the part 4) of Theorem 1, we have Qβl(x, a) =
limj→∞ Z(j)βl

(x, a) for j = 1, 2. Then, it follows from (28) that
Qβ1(x, a) ≥ Vβ2(x, a). This completes the proof.

In fact, the conclusions of Theorem 1 represent one pol-
icy evaluation operation (12) in Algorithm 1. That is to

say, for all i, if letting Z(0)(x, a) = Q(i)(x, a), the sequence
{Z(j)(x, a)} generated by (15) is nonincreasing and converges
to Q(i+1)(x, a), i.e., limj→∞ Z(j)(x, a) = Q(i+1)(x, a). Based
on the conclusions of Theorem 1, the convergence of adaptive
QL algorithm (i.e., Algorithm 1) is proved in Theorem 2 by
demonstrating that {Q(i)(x, a)} is a nonincreasing sequence and
converges to the optimal Q-function Q∗(x, a). Furthermore, it
is proved in Corollary 1 that a larger adaptive parameter αi in
Algorithm 1 may result in a better Q-function at each iteration
under the condition (23).

IV. ACTOR-CRITIC STRUCTURE WITH

EXPERIENCE REPLAY

In this section, the actor-critic structure is developed to
implement the adaptive QL algorithm. The actor and critic
NNs are employed to approximate the Q-function and the
control policy, respectively. By using the experience replay
technique, the actor NN weights are updated with least-squares
scheme and the critic NN weights are updated with batch gra-
dient descent method. Moreover, an adaptive rule is proposed
to tune the parameter αi in the adaptive QL algorithm.

A. Actor and Critic Neural Networks With
Experience Replay

It is known that NN is an universal approximator [62],
which can be employed to approximate any continuous func-
tion on a compact set. By using NNs, the output of critic and
actor NNs are given by

Q(i)(x, a) �
L1∑

j=1

θ
(i)
j ψj(x, a) = �T

L (x, a)θ(i) (29)

u(i)(x) �
L2∑

j=1

β
(i)
j φj(x) = 	T

L(x)β
(i) (30)

where θ(i) � [θ(i)1 · · · θ(i)L1
]T and β(i) � [β(i)1 · · · β(i)L2

]T

denote the critic and actor NN weights, �L(x, a) �
[ψ1(x, a) · · · ψL1(x, a)]T and 	L(x) � [φ1(x) · · · φL2(x)]

T

are NN activation function vectors.
Remark 3: Like all function approximation techniques,

large size of activation functions for critic and actor NNs
in (29) and (30) can improve the estimation performance at
the price of higher computational effort. Thus, an appropri-
ate selection of �L(x, a), 	L(x) and their size are useful to
balance the performance and computation. However, it is still
difficult to develop a general optimal selection rule for all
systems. This is simply because the optimal selection is usu-
ally different for different systems. In a word, for a specific
system, prior experiences would be helpful for the selection
of NN activation functions and their sizes.

To learn θ(i) and β(i), real system data is required and
experience replay technique is employed. In the experience
replay technique, the training data set SM is collected and
stored before starting the learning procedure. That is to say,
at each iteration of the adaptive QL algorithm, it learns θ(i)
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and β(i) directly based on SM which does not require to
collect any additional data from system. Denote the training
data set as SM � {(x[l], a[l], x′

[l],R[l])|(x[l], a[l]) ∈ D, x′
[l] ∈

X , l = 1, 2, . . . ,M}, where M is size of the data set,
R[l] = R(x[l], a[l]) and x′

[l] represents the next system state
under control action a[l] at state x[l].

Remark 4: The experience replay technique was introduced
in [63]. By using a memory buffer to store historical experi-
ences (data) collected from real environment or system, these
data will be sampled repeatedly for updating NN weights dur-
ing the learning process. Generally speaking, experience replay
can reduce the amount of experience required during learn-
ing [64]. The experience replay technique became extremely
popular after it was employed in the deep Q-network algo-
rithm [1]. Recently, the experience replay technique has also
been employed to solve control problems [65], [66]. In this
paper, the developed adaptive QL is an off-policy method,
where the data for learning can be generated with arbitrary
behavior policies. Therefore, the experiences are easy to col-
lect and the experience replay technique can be implemented
for the adaptive QL algorithm.

For the update of the actor NN weights β(i), the batch gradi-
ent descent method is developed. Based on (11), (29), and (30),
the computation of the actor NN weights β(i) aims to solve
the following optimization problem:

β(i) = arg min
β
�T

L

(
x,	T

L(x)β
)
θ(i). (31)

The actor NN weights β(i) is computed to minimize the
following sum of square over the data set SM:

L(β) = 1

M

M∑
l

�T
L

(
x[l],	

T
L

(
x[l]

)
β
)
θ(i). (32)

Based on the batch gradient descent method, the following
iterative scheme is employed:

β(i,j+1) = β(i,j) − λ
∂L(β)

∂β

∣∣∣
β=β(i,j) (33)

where λ > 0 is the step-size. According to (32) and (33), we
have

β(i,j+1)

= β(i,j) − λ

M

M∑
l

[(
θ(i)

)T ∂�L
(
x[l], a

)
∂a

∣∣∣
a=	T

L(x[l])β(i,j)
	L

(
x[l]

)]
.

(34)

To learn the unknown critic NN weights θ(i+1), the follow-
ing linear equation is constructed based on (12) for each data
(x[l], a[l], x′

[l],R[l]) ∈ SM:

�T
L

(
x[l], a[l]

)
θ(i+1) = R[l] + αi�

T
L

(
x′

[l], u(i)
(
x′

[l]

))
θ(i+1)

+ (1 − αi)�
T
L

(
x′

[l], u(i)
(
x′

[l]

))
θ(i).

(35)

Note that (35) are linear equations (l = 1, 2, . . . ,M) with
respect to the unknown critic NN weights θ(i+1). Thus, the

Algorithm 2 Implementation Procedure of Adaptive QL

� Step 1: Collect the data set SM . Give Q(0)(x, a) and let
i = 0;

� Step 2: Compute the actor NN weight vector β(i) using
(34) as j increases till convergence.

� Step 3: Compute the critic NN weight vector θ(i+1) using
(36).

� Step 4: If ‖θ(i+1) − θ(i)‖ � ε for small ε > 0, termi-
nate iteration. Else, let i = i + 1, go back to Step 2 and
continue.

following least-squares scheme is employed to compute θ(i+1)

in (35):

θ(i+1) =
[(

Z(i)
)T

Z(i)
]−1(

Z(i)
)T
η(i) (36)

where Z(i) � [z(i)[1], . . . , z(i)[M]]
T and η(i) � [η(i)[1], . . . , η

(i)
[M]]

T with

z(i)[l] = �T
L (x[l], a[l])−αi�

T
L (x

′
[l], u(i)(x′

[l])) and η(i)[l] = R[l]+(1−
αi)�

T
L (x

′
[l], u(i)(x′

[l]))θ
(i).

B. Implementation of Adaptive Q-Learning

By using (34) and (36) for updating the actor and critic NN
weights, Algorithm 2 is developed.

It is noted from Algorithm 2 that the developed adaptive QL
method is completely data-based, which learns the weights of
the actor and critic NNs using the data set SM . After con-
vergence is achieved in Algorithm 2, the converged actor NN
weights are employed in real control applications.

Remark 5: It is worthwhile to give a brief analysis on fac-
tors that affect the computational complexity of Algorithm 2.
Note that the computation of the actor and critic NN weight
vectors β(i) and θ(i+1) with (34) and (36) is the most
time-consuming part at each iteration. In (34) and (36), the
computation is increasing with the parameters M, L1, and L2,
where M is the size of the data set, L1 and L2 are the size of
critic and actor NNs, respectively. The parameters M, L1, and
L2 are usually affected by the dimension and the complexity
of the system. That is to say, for complex or higher dimen-
sional systems, more hidden-layer nodes (i.e., larger L1,L2)
are required in critic and actor NNs, and more system data
(i.e., larger M) is needed for learning their weights. Therefore,
the dimension and the complexity of the system are the two
main factors that affect the execution time of Algorithm 2.

C. Adaptive Tuning Rule for αi

For the adaptive QL (i.e., Algorithm 1), it is noted that the
parameter αi can be different at each iteration. The following
adaptive rule is proposed to tune αi:

αi = tanh(b ln(i + 1)) (37)

where b > 0 is a constant. Note that (37) is a monotone
increasing function with respect to the iteration i. If αi ≡ 1 for
all i, the adaptive QL becomes a policy iteration method [59],
which achieves fast convergence while requires an initial sta-
bilizing control policy. If αi ≡ 0 for all i, the adaptive QL
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becomes a value iteration method [41], which avoids the
requirement of an initial stabilizing control policy while con-
verges slowly. Thus, the rationale for the design of (37) is that
a smaller αi is employed at the beginning of the adaptive QL
to avoid the requirement of an initial stabilizing control policy,
and gradually increase αi to speed up the adaptive QL.

V. SPECIAL CASE: LINEAR SYSTEMS

Although the method is proposed for nonlinear systems, it
is difficult to verify its effectiveness on nonlinear systems for
their optimal control policy is usually unavailable for com-
parison in simulation studies. For simulation convenience, it
is necessary to investigate the adaptive QL method on linear
systems.

Considering the following linear discrete-time systems:
{

x(k) = Ax(k)+ Bu(k)
y(k) = Cx(k)

(38)

where A ∈ R
n×n, B ∈ R

n×p, and C ∈ R
m×n. For the

performance index (2), the quadratic form is employed with
U(y, u) = yTSy +uTRu, i.e., R(x, u) = xTCTSCx +uTRu.
For this optimal output regulation problem, its optimal value
function is V∗(x) = xTPx, where P ≥ 0. From (7), we have
(∂/∂u∗){R(x(k), u(x(k)))+ V∗(x(k + 1))} = 0, i.e.,

u∗(x(k)) = −R−1BTPx(k + 1)

= −R−1BTP
[
Ax(k)+ Bu∗(x(k))

]
. (39)

That is,

u∗(x(k)) = Kx(k) (40)

where K = −(R + BTPB)−1BTPA is the gain of the optimal
controller. For all x(k) ∈ X , we have

V∗(x(k)) = R(
x(k), u∗(x(k))

) + V∗(x(k + 1)). (41)

By using V∗(x) = xTPx, we obtain

xT(k)Px(k) = xT(k)CTSCx(k)+ [
u∗(x(k))

]T
Ru∗(x(k))

+ xT(k + 1)Px(k + 1). (42)

Based on (38) and (40)

xT(k + 1)Px(k + 1) = xT(k)[A + BK]TP[A + BK]x(k)

= xT(k)
[
ATPA + ATPBK

]
x(k)

+ xT(k)[A + BK]TPBKx(k)

= xT(k)
[
ATPA + ATPBK

]
x(k)

+ xT(k + 1)PBR−1RKx(k). (43)

According to (39), we have xT(k+1)PBR−1 = [u∗(x(k))]T(k).
Thus, it follows from (43) that:

xT(k + 1)Px(k + 1) = xT(k)
[
ATPA + ATPBK

]
x(k)

−[
u∗(x(k))

]T
(k)Ru∗(x(k)). (44)

The substitution of (44) into (42) yields

xT(k)Px(k) = xT(k)CTSCx(k)

+ xT(k)
[
ATPA + ATPBK

]
x(k)

holds for all x(k) ∈ X . Then

P = CTSC + ATPA + ATPBK

i.e.,

CTSC − P + ATPA − ATPB
(

R + BTPB
)−1

BTPA = 0.

(45)

Equation (45) is called algebraic Riccati equation. It is
observed that the optimal control policy (40) depends on
the solution P of the algebraic Riccati equation (45), which
requires the system matrices A and B.

By using V∗(x) = xTPx, it follows from (9) that:

Q∗(x(k), a) = xT(k)CTSCx(k)+ aTRa

+ [Ax(k)+ Ba]TP[Ax(k)+ Ba]

= xT(k)
[
CTSC + ATPA

]
x(k)+ 2xT(k)ATPBa

+ aT
[
R + BTPB

]
a

=
[

x(k)
a

]T

G

[
x(k)
a

]
(46)

where G is a block matrix given by

G �
[

G11 G12

GT
12 G22

]
(47)

with G11 � CTSC+ATPA, G12 � ATPB and G22 � R+BTPB.
Based on (10), we have (∂Q∗(x, a)/∂a)|a=u∗(x) = 0. Then, it
follows from (46) and (47) that:

u∗(x) = −G−1
22 GT

12x. (48)

That means that the optimal control gain can also be repre-
sented as K = −G−1

22 GT
12.

For the adaptive QL algorithm, i.e., Algorithm 1, the
iterative Q-function Q(i)(x, a) is denoted as

Q(i)(x, a) =
[

x
a

]T

G(i)
[

x
a

]
(49)

where

G(i) �

⎡
⎣ G(i)11 G(i)12(

G(i)12

)T
G(i)22

⎤
⎦. (50)

With (50), it follows from (11) and (49) that:

u(i)(x) = K(i)x (51)
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where K(i) � −[G(i)22]−1[G(i)12]T. To learn the iterative matrix
G(i) from real system data, it follows from (12) and (49) that:

[
x(k)
a

]T

G(i+1)
[

x(k)
a

]

−αi

[
x(k + 1)
K(i)x(k + 1)

]T

G(i+1)
[

x(k + 1)
K(i)x(k + 1)

]

= xT(k)CTSCx(k)+ xT(k)
[
K(i)

]T
RK(i)x(k)

+(1 − αi)

[
x(k + 1)

K(i)x(k + 1)

]T

G(i)
[

x(k + 1)
K(i)x(k + 1)

]
.

(52)

As described in Section IV-B, for each data
(x[l], a[l], x′

[l],R[l]) ∈ SM , (52) is rewritten as follows
by using Kronecker product ⊗ and matrix vectorization
operation vec(·):

z(i)[l]θ
(i+1) = η

(i)
[l] (53)

where θ(i+1) = vec(G(i+1)), Z(i) � [z(i)[1], . . . , z(i)[M]]
T and η(i) =

[η(i)[1], . . . , η
(i)
[M]]

T with

z(i)[l] =
{[

x[l]
a[l]

]
⊗

[
x[l]
a[l]

]
− αi

[
x′

[l]
K(i)x′

[l]

]
⊗

[
x′

[l]
K(i)x′

[l]

]}T

and

η
(i)
[l] = [

x′
[l] ⊗ x′

[l]

]Tvec

(
CTSC +

[
K(i)

]T
RK(i)

)

+ (1 − αi)

{[
x′

[l]
K(i)x′

[l]

]
⊗

[
x′

[l]
K(i)x′

[l]

]}T

θ(i).

Then, the least-squares method (36) can be used to compute
θ(i+1).

VI. SIMULATION STUDIES

The adaptive QL method is developed for nonlinear systems.
However, the optimal control of nonlinear systems cannot be
given analytically for comparison purpose. Thus, the effec-
tiveness of adaptive QL method cannot be verified through
simulation studies on nonlinear systems. Therefore, a linear
numerical example is employed, which is treated as a non-
linear system during simulation. This is mainly because the
optimal control policy and the optimal Q-function of the lin-
ear system can be given analytically, which is convenient to
verify the effectiveness of the adaptive QL method by show-
ing the iterative control policies and Q-functions converge to
their optimums.

Fig. 1. Relationship between the iteration i and the parameter b.

Fig. 2. Iterative G(i)11 at each iteration i.

Consider the linear system with the system matrices given
as follows:

A =

⎡
⎢⎢⎣

0.8758 −0.8242 −0.0729 −0.4742
−0.5306 −0.7615 −0.0930 −0.5801
−0.4295 0.0434 −0.1747 −0.3058
−0.0305 0.3551 −0.7820 0.7308

⎤
⎥⎥⎦

B =

⎡
⎢⎢⎣

−0.9507 0.8429
−0.5688 −0.9364
0.7536 −1.8178
0.0274 0.4811

⎤
⎥⎥⎦

C =
⎡
⎣−0.0390 0.8977 0.7337 0.6241

0.4288 −0.8056 0.6309 −0.4018
−0.8298 0.4312 0.4571 0.6468

⎤
⎦

and x(0) = [0.5,−0.5, 2,−1]T. For the performance index,
let R(x, u) = xTCTSCx +uTRu, where S and R are identity
matrices. With MATLAB command DARE, the solution of the

G =

⎡
⎢⎢⎢⎢⎢⎢⎣

156.4314 −89.3857 57.4382 −104.6136 −52.6086 84.6568
−89.3857 86.2679 −32.8981 82.2742 38.4252 −27.9424
57.4382 −32.8981 60.9841 −31.1980 −26.2625 45.6221

−104.6136 82.2742 −31.1980 94.1520 31.6434 −17.4743
−52.6086 38.4252 −26.2625 31.6434 48.9440 −63.6683
84.6568 −27.9424 45.6221 −17.4743 −63.6683 150.6507

⎤
⎥⎥⎥⎥⎥⎥⎦

(56)
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Fig. 3. Iterative G(i)12 at each iteration i.

Fig. 4. Iterative G(i)22 at each iteration i.

Fig. 5. Iterative control gain K(i)1 at each iteration i.

algebraic Riccati equation (45) is given by

P =

⎡
⎢⎢⎣

96.0044 −53.3551 26.4689 −76.2663
−53.3551 48.9376 −16.0037 49.7332
26.4689 −16.0037 44.9563 −18.2206

−76.2663 49.7332 −18.2206 65.4206

⎤
⎥⎥⎦
(54)

and the optimal control gain K is given by

K =
[

0.7638 −1.2078 0.3168 −1.1008
−0.2392 −0.3250 −0.1689 −0.3492

]
. (55)

By using (54), the matrix G of (47) is given in (56), as shown
at the bottom of the previous page.

Letting b = 0.4 for (37), the adaptive QL method is applied
to solve this data-based output regulation problem without

Fig. 6. Iterative control gain K(i)2 at each iteration i.

Fig. 7. Trajectories of state x(k).

Fig. 8. Trajectories of output y(k).

using system model. The simulation results are given in
Figs. 1–10. Fig. 1 gives the relationship between the iteration
i and the parameter αi, where αi increases monotonically with
respect to i. Figs. 2–4 give the iterative matrix G(i) at each
iteration and Figs. 5 and 6 show the iterative control gain K(i)

at each iteration, where the dotted lines represent the ideal
values of the optimal matrix G in (56) and the optimal control
gain K in (55), respectively. It is shown from the figures that
G(i) and K(i) approach to their optimums G and K at i = 13th
iteration. By using the converged control gain to the closed-
loop system, the state trajectories x(k), output trajectories y(k)
and control trajectories u(k) are shown in Figs. 7–9, respec-
tively. From Fig. 8, it is observed that regulation is achieved
for output signal y(k). Furthermore, we also investigate the
influence of the parameter b in (37) on the convergence of the
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Fig. 9. Trajectories of control u(k).

Fig. 10. Relationship between the parameter b and the converged iteration
of the adaptive QL method.

adaptive QL method. By using different parameters b, Fig. 10
demonstrates the relationship between the parameter b and
the converged iteration of the adaptive QL method, where the
converged iteration decreases with respect to b.

VII. CONCLUSION

The off-policy adaptive QL method has been developed for
data-based optimal output regulation problem of discrete-time
nonlinear systems. First, the Q-function is introduced, which
is an action-state value function. Then, an adaptive QL algo-
rithm is proposed and its convergence theories is established.
For the implementation purpose, the actor-critic NN structure
is developed. To learn the weights of actor and critic NNs,
the experience replay technique has been employed, where the
training data is collected before learning and used during the
whole learning process. Furthermore, a tuning rule is proposed
to tune the adaptive parameter αi in the adaptive QL method.
Through computer simulations, it is observed that the devel-
oped adaptive QL method converges to the optimal Q-function
and the optimal control policy.
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